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Abstract 

A model for two entangled systems in an EPR setting is shown to reproduce the quantum- 
mechanical outcomes and expectation values. Each system is represented by a small sphere con- 
taining a point-like particle embedded in a field. A quantum state appears as an equivalence class 
of several possible particle-field configurations. Contrarily to Bell-type hidden variables models, 
the fields account for the non-commutative aspects of the measurements and deny the simultane- 
ous reality of incompatible physical quantities, thereby allowing to escape EPR's "completeness or 
locality" dilemma. 
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I. INTRODUCTION 

In their celebrated paper Einstein, Podolsky and Rosen (EPR) argued that quantum 
mechanics was incomplete on the ground that for entangled states the formalism predicts 
with certainty the measurement outcomes of noncommuting observables although they can- 
not have simultaneous reality. They argued the alternative to incompleteness was to make 
the reality of one particle's properties depend on the measurement made on the other par- 
ticle, irrespective of their spatial separation. EPR concluded: "no reasonable definition of 
reality could permit this" nonlocal action at- a- distance. In a seminal work Bell showed 
that local models based on a distribution of hidden variables (HV) intended to complete 
quantum mechanics must satisfy an inequality involving averages taken over the hidden 
variable distributions. He also showed that in certain circumstances the average values of 
two-particle quantum observables violate these inequalities. However, it is seldom men- 
tioned that Bell-type models are only a subset of the local models that can be envisaged. 
Indeed, Bell's theorem js, 4] is grounded on two important assumptions: (a) the HV ascribe 
a sub-quantum elementary probability for any 1 or 2-particle outcomes; fb) this probability 
factorizes into two single particle probabilities. These assumptions lead [5J to the existence 
of a joint probability function for all the observables entering the inequality (though there 
is no such probability according to quantum mechanics), thereby accounting for the 'simul- 
taneous reality' appearing in the EPR dilemma. General arguments seem to indicate that 
these assumptions are needed to comply with the EPR requirements but are by no means 

nnn 

necessary ingredients in order to enforce locality [g, 13, |8j. In this work we put forward a 
scheme compatible with quantum mechanical correlations but does not abide by the EPR 
dilemma. The model, developed for the prototypical spin-1/2 pair, describes each system 
by postulating a particle and a classical field. It is shown that different particle-field config- 
urations yield the same probabilities for outcomes detection, even when the outcomes can 
be predicted with certainty. We will first put forward the model for a single particle. We 
will then naturally extend the model to the two-particle case, and show how, by introducing 
a correlation at the source, the model reproduces the quantum predictions that violate the 
Bell inequalities without involving action at a distance. 
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II. SINGLE FIELD-PARTICLE SYSTEM 



Let a single spin-1/2 be represented by a field-particle system assumed to be composed of 
a small sphere, with the position of its center in the laboratory frame being denoted by x and 
the internal spherical variables relative to the center of the sphere by r = (r, 9, 4>) (see Fig. 
la). A classical scalar field F{r) is defined on the spherical surface. The point-like particle 
sits still at a fixed (but unknown position) on the sphere. We are interested in measuring 
the polarization of the particle, i.e., its internal angular momentum projection along a given 
axis 1 . Let e b denote the polarization along an axis b making an angle 9 b with the z axis. 
We assume that the possible outcomes e b = ±1 can be obtained, the result depending in a 
manner to be described below (i) on the region on which the field is defined and (ii) on the 
position of the particle. The elementary support of the field F is a hemispherical surface. 
The value of the field at any point depends on the projection of that point on the axis. Let 
S +a denote the positive half-sphere centered on the axis a making an angle 9 a with the z 
axis, and F s+a denote the field distributed on that hemisphere. F s+a (r) is defined by 

f r • ae**+« lnR 2 if r G S +a 

F^) = { , (1) 

I otherwise 

R being the radius of the sphere and the phase of the field; for simplicity we will take 
all the axes to be coplanar with z and the phase will be assumed constant over an entire 
hemisphere (the phase thus appears as a global additional degree of freedom of the field). 
The mean value of r ■ b/nR 2 taken over S +a is given by 

(F* +b + ^_ 6 > s+a = [ T -^dr = cos (9 b - 9 a ) , (2) 

where df denotes the spherical surface element for a sphere of radius R and we have set 
(p± h = 0. The only requirement we make on the particle's position is that it must be 
embedded within the field: the particle cannot be in a field free region of the sphere. 

When the polarization e b is measured we postulate that the measuring apparatus along b 
interacts with the field F s+a . Let [a+b] and [a— b] denote the directions lying halfway between 



1 From a physical standpoint, what we have called here the position of the particle should more properly 
be called the position of the particle's angular momentum r x p relative to the center of the sphere. We 
will not make explicitly this distinction in this paper. 



3 



the axes a (of the distribution) and b or —6 (of the measuring direction), with respective 
angles (9b + a )/2 and (9b + n + 9 a )/2. We will assume that the field-apparatus interaction 
results in a rotation of the original pre-measurement field F^ +a toward both of the apparatus 
axes, F-£ +a — > (F% + Fn_ b ) e l</>+a (Fig lb); (p +a is the phase of the original field and we will 
suppose the measurement does not introduce additional phases. A definite outcome £& = ±1 
depends on which of the hemispheres E±b the particle is after the interaction. In terms of 
the field, this probability is given by the relative value of the average of the rotated field 
F-£ +b + F%_ b over the intermediate 'half-rotated' hemisphere Fz [a±b] , yielding in accordance 
with Eq. (ED 



with iV being the sum of both terms, thereby recovering the probabilities of measurements 
made on a single spin-1/2, reading in the standard notation |(±6 |+a)| 2 (normalization 
will be implicitly understood in the rest of the paper). If b and a are taken to be the 
same, then one has £[ a+a ] = S +a and Ps +a (s a = ±1) = 1 and respectively. Hence a 
field Fs +a corresponds to a well-defined positive polarization along the a axis. In this case 
the symmetry axis of the field distribution coincides with the measurement axis and the 
system-apparatus fields interaction has no effect: the particle's pre and post-measurement 
position remains within the same hemisphere S +a . The particle's hemispherical position 
can be said to determine the outcome, i.e. Pp s (e a = ±1) = Pp B (r G£± a ) = 1 or 0. 
On the other hand when b and a lie along different directions, the particle position cannot 
ascribe probabilities: the probabilities depend on the system and apparatus fields and Eb 
only acquires a value ±1 after the system field has interacted with the apparatus and rotated 
toward the measurement axis. A straightforward consequence is that the measurements do 
not commute, and thus joint polarization measurements along different axes are undefined. 

Since fields obey the principle of superposition, we can envisage superpositions of fields 
defined on different hemispheres. But fields defined on different hemispheres turn out to be 
equivalent to a field defined on a single hemisphere. Indeed it is easy 2 to see that one can 

2 As the reader will have noted, the fields are defined through a mapping of the Hilbert space rays onto the 
relevant hemispherical surface. 




(3) 
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write for any axis u 



F* +a - cos(^A)F s+u + sin(^A)F E _ u) (5) 



meaning that although the two fields on the right and left handsides (hs) of Eq. (jSJ) are 
different - they are not defined on the same hemispherical surfaces -, they lead to exactly 
the same predictions. Indeed, when measurements are made along any axis b the averages 
of the left and right hs of Eq. (jSJ) give the same result cos( 0a 2 eb ). These fields thus define 
an equivalence class. From the particle standpoint a definite field configuration implies a 
different behaviour: for the field on the rhs of Eq. (j3j), denoted F r h si the no-perturbation 
axis is u, not a, and the particle distribution cannot be uniform. Hence there is a probability 
function p Frhs (e u = ±1, r) = 1 or depending on whether r GS ±U and such that Pp rhs (e u = 
±1) is recovered by integration over the particle distribution. For b ^ u however there 
is no probability function PF rhs { £ b = =tl) r ) hence PF rhs { £ b = ±1) cannot depend on r: 
there is no sub-field mechanism that determines the outcome. This is consistent with Eqs. 
©-dlj) in which the field rotation does not allow to define joint probabilities of the type 
PF rhs ( £ u = ±ine& = ±1); it can be shown instead that such joint probabilities would follow 
by allowing the particle position to determine probabilities for measurements along arbitrary 
axes [10|. In the specific case of measuring e a in the field F r h s , the system and apparatus 
fields must interfere in such a way as to obtain Pp rhs { £ a = —1) = 0, irrespective of the initial 
particle's position. Finally let us introduce the fields F a / U )± defined by 

^( U )±(r) = e J± f F s+u (r) + F s _ u (r), (6) 

which obey the equivalence F a ( u )± ~ F a Q^± for any axes u and b. We have 

P a (u)±(£b = ±1) = \(F a ( u )±)\ 2 = - (7) 

for any b, the average depicting Eq. (j2J) taken on the rotated hemispheres £[ u ±&] (for F s+u ) 
and £[_ u ±b] (for Fj±_ u ). An interpretation in terms of the particle position can only be 
given for b = u with elementary probabilities pF a(u)± {£u = ±l ( r) = 1 or depending on 
whether r GS± U . It is nevertheless possible to postulate additional sub-quantum probabilities 
provided they are consistent with the field averages. For example we will suppose for either 
of the fields F a / U )± that 

2 ( ®u — t> b , 



P a(u) {e b = l|r G S ±n ) = cos 2 ( + -(1 =F 1) ) (8) 




FIG. 1: (a) A system is represented by a point-like particle lying on the surface of a small 
sphere, on which a field is defined. The particle position ro is unknown; the field is defined on 
the hemispherical surface centered on the positive a axis, (b) Post-measurement situation after 
the polarization of the system pictured in (a) has been measured along the b axis, yielding an 
outcome £5 = +1: the field has rotated and is now centered on b. (c) An initial 2-particle system 
has fragmented into 2 subsystems (at xi and X2), each carrying a particle embedded in a field 
Fa{u)±- As a result of the fragmentation the particle positions lie on opposite points of their sphere 
and the fields become effectively correlated between opposite hemispheres of each subsystem, as 
symbolized by the colouring. 

which assuming r is uniformly distributed is consistent with ([7]) given that 

^^wfei, = l|r G S ±M )P Q(u) (r G £± u ) = P a{u) (e b = 1). (9) 
± 

Note that Eq. ([8]) supplements Eq. ([7j) with a condition on the hemispherical position of the 
particle, but the latter does not determine the outcome (it is not an elementary probability). 

III. TWO-PARTICLE SYSTEM 

Assume now an initial two-particle system is fragmented into two subsystems flying apart 
in opposite directions. Each of the two particles, labeled 1 and 2, is embedded in a field 
defined on the surface of a small sphere. x x (resp. x 2 ) denotes the position of the subsystem 
1 (resp. 2) sphere in the laboratory frame. The internal variables within each sphere are 
labeled by ri and r 2 . As soon as the fragmentation process is completed, the positions 
of each point-like particle as well as the fields are fixed, the polarization of each system 
depending on the field distribution and the particle position on its spherical surface. We 
will choose the initial correlation to correspond to the compound having zero polarization 
at least along an axis u (but see below), in view of reproducing the statistics for the two 
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spin-1/2 in the singlet state problem. Assuming the total polarization is conserved, the 
fields and particle positions must be initially correlated such that e l u = —e 2 . Let us start by 
examining the no-perturbation measurements. In this case the particle positions determine 
the outcomes, from which it follows that we must set 

r a = -r 2 (10) 

at the source. Assume subsystem 1 and 2 fields to be given by F a ^ + and F a ^_ defined 
above. The total field for the system is thus 

F T{ u)(ri,r 2 ) = F a 1 (u)+ (r 1 )F Q 2 (u) _(r 2 ). (11) 

Single outcome probabilities P(e^ 2 ) = 1/2 are straightforwardly computed from the single 
subsystem field F 1 or F 2 . On the other hand two outcome probabilities must take into 
account the particle correlation ( fT0l) . It is thus impossible to obtain e\ = e 2 u : since there are 
no measurement perturbations, e\ = ±1 is associated with ri G £± u , implying r 2 G so 
only e 2 = =Fl can be obtained. The probabilities in this case read 

P (4 = ±1,4 = Tl) = P{ei = ±l)P(e 2 u = Tl|4 = ±1) = \ (12) 

where the conditional probability is computed by way of the particle dependence as P{j\ G 
Ej_ u )P(r 2 G EH-Jri G £±<J and setting b = u in Eqs. (C])-®. Note that these probabilities 
are not equal to those obtained by taking the relevant averages of Ft(«) ( e g> (-Pr(«)) s i S 2 

+ 1i -\-u 

does not vanish). The reason is that Fti u ) does not take into account the particle correlation. 
It is possible nevertheless to identify the term correlating the fields consistent with Eq. (TTU|) 
by rewriting Eq. ffTT]) as 

F T {u){*i, r 2 ) = ^(^(ri, r 2 ) + j* /2 F Hu) (n, r 2 ) (13) 

where F Q and F# are given by 

F 0(u) (r a , r 2 ) = F' +u ( ri )F 2 +u (r 2 ) + (n)^ (r 2 ) (14) 
F« (tt) (ri,p a ) =^ +u (r 1 )F|_ u (r 2 )-F^(r 1 )F| +u (r 2 ). (15) 

It is easy to show that F Q ^ cannot contribute to the probabilities by repeating the reasoning 
involving no-perturbation measurements. On the other hand i*W u ) respects by construction 
the particle correlation ([TO]) and the probabilities can be computed from the fields averages 
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(Fh) s i S 2 (which are equal) and (F^) y i y2 = 0. Note that the particle labels as well as 

dbu =F« ±14 ±14 

the field indices can be interchanged in the definition f[TT|) of Ft- 

Let us now investigate measurements along arbitrary directions a for particle 1 and b for 
particle 2. Probabilities for a single subsystem are immediately obtained from the sub- 
system's field F^'^ ± yielding 1/2 for any arbitrary direction. To compute correlations 
for two outcomes, say = l,ef = 1, the averages involving Ft must again be supple- 
mented with the correlation ([TO]) . This can be done by employing the equivalence relations 
F a { u )± ~ Pa(a)± i n Eq. (jTTj) . yielding F T ( U ) ~ ^r(o)- The probability is then computed as 
P{e l a = l)P(el = = 1) by writing as in Eq. ( fT2l) single subsystem probabilities in terms 
of the particle positions: 

P Ti a)(el = 1,4 = 1) = ^(a)+(ri G S^ a )P Q(a) _( £ 2 = l|r 2 G E 2 _ a ) (16) 

= ±sin 2 (^) (17) 

where we have used Eqs. ([7]) and ([HD- We can obviously reach the same result by employing 
F a ( u )± ~ F a{b) ± in Eq. (TTT]) yielding 

P T(6) (4 = 1,^ = 1) = P a(6) _(r 2 G S 2 +6 )P Q(6)+ ( £ ^ = l|n G Yt h )- (18) 

Both computations hinge on employing the form of the field that does not perturb one of 
the measurements: this is necessary in order to be able to compute conditional statements. 
As in the single particle system case [see below Eq. ([5])] each particular realization of an 
equivalence class gives rise to different, incompatible, accounts: Eq. (Fl6|) specifies that 
i - ! G T} +a while assuming the field configuration is F T ( a ) whereas Eq. ffT8]) indicates that 
Yi G Ei 6 when the field is Ftq>)- The direct computation of P^v^e* = 1,£& = 1), without 
resorting to an equivalent configuration, cannot relie on conditional statements since both 
measurements involve perturbations 3 . The probability can be computed by obtaining the 
correlated averages of the fields rotated by the interaction for each measurement. As in the 
no-perturbation case Pn(«) is the field encapsulating the correlation fflQj) while Fo(«) does not 
contribute to the probabilities. This can be seen by noting that for the outcomes e^'l = 1 
the averages (Po(u),n(«)) , giving cos( eb ~ ea ) and sm( 0b ~ 9a ) for P («) an d Ftyu) respectively do 

3 Employing P a ( u )+{ri G S^ Q )P Q („)_ {el — 1\y2 £ S?_ a ) along with Eq. (|8|) does not ensure the correlation 
is taken into account, since one may have ri £ and Y2 € S?_ Q without Y2 = —y%. It is only when at 
least one of the measurements is not perturbed that such an inference can be made. 
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not depend on u. This implies that Fq and form separately equivalence classes, i.e. we 
have 

Fo(u) ~ Fo(a) and F H{u) ~ F N(a) (19) 

for any axes u and a. Using Eq. ( fl9l) it can be established that F does not contribute to 
the probabilities 4 . Hence Pt(u) is given by PWu) 




where the term between the |...| is the explicit expression of (ifyte))- Of course, it is possible 
(and simpler) to use Eq. ffT9]) and compute Pn( a ) or P^b) instead of Pw u ) (expressions similar 
to Eqs. (TT^|) and (ITS]) are obtained - only the field indices need to be changed despite F# 
being defined jointly over the two subsystems). 



IV. DISCUSSION AND CONCLUSION 



The present dual field-particle model reproduces the EPR correlations without the need 
to invoke non-locality (i.e. action at a distance): a measurement carried out on one subsys- 
tem does not modify the field or the particle position of the other system. A striking feature 
is that although the total field Ft is separable, the effective field F# is a non-separable func- 
tion. Non-separability does not involve nor imply non-locality (recall that non-separable 
functions are not exceptional in classical physics 5 ) but is necessary in order to account for 
field correlations between hemispheres encapsulating the particle correlation fflQj) . The field 
configuration, as well as the particle positions, are set at the source, in the intersection of 
the past light cones of each subsystem's space-time location and are modified locally by the 
measurement process 6 . Several differences between our model and Bell-type LHV models 

4 This can be seen by computing first (Fq) for the outcomes e\* 2 = 1 and e]^ 2 = 1 which we know to vanish 
from the no-perturbation case (use -Fo(a) an d ^b(fe) respectively). The same averages can be computed 
instead from -fo(b) an d -Po(a) implying that terms such as ^-p£ [±b+ j / ^-^s [±t , + j ^ must be put to zero 
by hand to take the particle correlation into account. But these same terms also appear when computing 
P{e\ = l,e\ = I) from (Fq) with F 0{a) and F 0{b) . 

5 For example the classical action for a multi-particle system is a non-separable function in configuration 
space. 

6 The non-separable part of the field Ft that takes into account the correlations between both subsystems 
becomes irrelevant to describe the system once a measurement is made (since the correlations are broken 
at that point). 
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deserve to be pointed out. First, note that the probabilities are obtained from average 
field intensities, not from elementary probabilities averaged over HV distributions p(A). It 
is known that in general classical fields do not have to obey Bell-type inequalities 9j. Here, 
the fields (i) are not necessarily positive valued, (ii) can interfere, and (iii) define equivalence 
classes. Field measurements are non-commutative, whereas LHV models assume factoriz- 
able elementary probabilities p(e\, e\, A) = p{e\, \)p{e\, A), leading to the existence of global 
joint probabilities (e.g. P)A £ \i £y) ) that in quantum mechanics can only be defined 

for commuting operators 5|. If the hemispherical fields were replaced by probability distri- 
butions for the particles, then the equivalence relations would not hold and the conditional 
probabilities appearing in Eqs. (IT5|) or (ITS]) would imply outcome dependence [lOi, lllj. The 
particles' positions thus appear as pre-determined, and can play the role of hidden- variables, 
but they do not ascribe probabilities except in the absence of measurement perturbations. 
The field configurations can also be taken as hidden variables and they do ascribe prob- 
abilities but only as members of an equivalence class that does not give a more complete 
specification than afforded by the quantum-mechanical state. 

These last remarks lead us back to the original EPR dilemma recalled in the Introduction. 
In a single particle system the field dynamics ensure that there is no pre-existing outcome 
as an element of reality, even when it is possible to make a prediction with unit probability 
(in this case too there is an infinity of possible field-particle configurations, the outcome 
arising from the interference between the system and the apparatus fields). For an arbitrary 
measurement axis, a definite field-particle configuration, even if known, would not give 
an elementary sub-quantum description of a measurement outcome; such a description is 
only possible by resorting to an equivalent, albeit fictitious, field particle configuration in 
which there is no perturbation. In the two particle system, the additional constraint is that 
the particle positions as well as the effective fields on each sphere are correlated, allowing to 
infer one subsystem's outcome once the other subsystem's outcome is known. This inference, 
in terms of a sub-quantum description, also relies on the existence of an equivalence class 
providing an equivalent configuration characterized by a no-perturbation measurement along 
at least one axis. As a consequence the model denies the attribution of simultaneous reality 
to e\ and e\ on the ground that an observer has the choice of measuring e\ or e\ on particle 
1 (this would imply that i*Wa) an d i*r(&) De both realized as the system's field which is 
impossible as noted above), although both conditional probabilities are unity. Thereby the 
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"simultaneous reality" branch of EPR's dilemma - which is fulfilled by Bell-type models - 
is decoupled here from the issue of locality. 

To sum up, we have given an explicit model in which a quantum state appears as an 
equivalence class comprising an infinity of possible field-particle configurations. The model 
can be said to 'complete' quantum mechanics (in the sense that it assumes an underlying re- 
ality relative to the quantum state) though it does not generally allow to give more complete 
and deterministic sub-quantum predictions. The model despite being local does not abide 
by Bell's causality condition 12| but nevertheless defuses the EPR dilemma while avoiding 
the type of probability ascription leading to Bell's theorem. 
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